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Abstract 

Computations involving the so-called root invariant prompted Mahowald 
and Shick to develop the slogan: "the root invariant of f „-periodic homotopy 
is r;„-torsion." While neither a proof, nor a precise statement, of this slogan 
appears in the literature numerous authors have offered computational evi- 
dence lending further credence toward its truth. The root invariant is closely 
related to Mahowald's inverse limit construction of the Tate spectrum. Com- 
putations have shown the Tate spectrum of f„ -periodic cohomology theories 
are u„-torsion. The purpose of this paper is to split the Tate spectrum of tmf 
as a wedge of suspensions of bo, providing yet another example to the liter- 
ature. 

1 Introduction 

History 

Let A denote the canonical line bundle over RP°° = i?(Z/2Z). For each integer 
£ e Z define Pe to be the Thorn spectrum of £\. Induced maps on the level of 
Thom spectra give a naturally defined inverse system of projective spaces: 

For integers m < n, consider the composite jm,n = Jn ° Jn-i ° ■ ■ ■ ° Jm- The 
stunted projective spaces, P^, are defined by the fiber sequence 

pn p 3rn,n „ 
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W.H. Lin [fTOl demonstrated that the homotopy limit of the inverse system ([T]) has 
the homotopy type of a desuspended 2-complete sphere: 

limP„ ~ S-^ (2) 

Suppose X is a finite complex and consider a cohomotopy class a E [X, S'^]j. 
The equivalence ^ guarantees the existance of a smallest i such that the compos- 
ite S-'^^X S^^ — * P_£ is non-trivial. In particular, post-composition with is 
trivial in the diagram 

s^-ix — 

I 

R{a) I 

inducing a map R{a) : S-^^^X — S^^ into the fiber. This homotopy class is the 
so-called root invariant of a. Note R{a) is a coset in general, since a choice was 
made in its construction. Computational evidence led Mahowald and Shick [fT3ll 
to the slogan: "The root invariant of f„-periodic homotopy is f „-torsion." They 
show if X is a finite complex having a t>„-self map, 

lim[X,Pfc] iv-') = 0. 

In particular, if a G [X, 5°] is f ^-periodic then its root invariant, at least when 
considered as an element of [X, P^], is f^-torsion. If the telescope conjecture is 
true, then R{a) is torsion inside [X, S^] for all but finitely many a. 

Neither a proof, nor a precise statement, of the phenomenum that the slogan 
suggests does not appear in the literature. Many authors, however, have since pro- 
duced further computational evidence demonstrating the slogan's validity. This 
evidence appears in the form of understanding the effect the Tate spectrum func- 
tor has on various f„-periodic cohomology theories. 

Let _E be a spectrum. Mahowald's construction of the Tate spectrum of E is 
the homotopy inverse limit 

tE = lim (P„ A EE) . 

If P is a finite spectrum, then Q implies the Tate spectrum functor corresponds 
to completion at the prime 2. This is certainly not the case for all spectra since 
homotopy limits generally do not commute with the smash product. Numerous 
examples of Tate spectrum computations have appeared in the literature: 
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1984: Davis and Mahowald forp = 2 show 

j&Z 

where HZ is the 2-completion of HZ. 

1986: Davis, Johnson, Klippenstein, Mahowald and Wegmann [7| demonstrate 
that if p is any prime and q = 2(p — 1), then there are equivalences of 
p-complete spectra 

t{BP{2)) ~ JJe''W(1), 

where BP is the p-completion of BP. They also conjecture a similar split- 
ting of t{BP{n)). 

1998: Ando, Morava and Sadofsky |l2l prove the existence of a ring isomorphism 

where I^-i = (p, f i, • • • , f and construct a map of spectra 

V J:'^E{n - 1) ^ tE{n)^^_^ 

which after completion at (or equivalently after localization with re- 
spect to the (n — l)st Morava i^-theory) induces the above isomorphism of 
homotopy groups. 

The purpose of this paper is provide yet another example demonstrating the 
plausibility of the slogan. Viewing all spectra completed at the prime p = 2, the 
main theorem is: 

Theorem 1.1. There is a map of spectra 

Yl S^'^fo ^ t(tmf ) 

fcez 

inducing an isomorphism of homotopy groups. 
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Preliminaries 



Unless otherwise stated, all tensor products and coefficients are taken over F2 and 
all spectra completed at the prime p = 2. Furthermore, all spectra will be viewed 
as lying inside the symmetric monoidal category of S-modules Its product. 
As, will be abbreviated by A. In this context, if R is any unital ring spectrum and 
X and Y any ^-modules, there is an equivalence 

r:[X,Y AR]s ^[X AR,Y A R]r 

between maps in the category of S'-modules with maps in the category of R- 
module spectra. To simplify calculations we will work mostly in the subcategory 
of tmf-module spectra. The proof of the main theorem will require the fact that 
(tmf, mtmf, utmf) is an £^oo-ring spectrum [141. 

Let A denote the mod-2 Steenrod algebra generated by the squaring operations 
Sq^ = Sq^^Sq^^ ■ ■ ■ Sq'"^ where / = (ii, 22, • • • , *n) is an admissible sequence. The 
sub-Hopf algebra A{n) C ^ is generated by the elements {Sq^, Sq^, . . . , Sg^"}. 
The Hopf algebra quotient A/ / A{n) is defined by the tensor product A ®A(n) 1^2- 
Here, left action of A{n) on A is induced by the inclusion while its right action 
on F2 is induced by the augmentation. This construction kills off right action by 
elements inside A{n). Recall, H*ho = A//A{1) and H*tmi = A//A{2). 

Consider the ^-module A/ / A{n) (g) M via the diagonal action and ^(S)yi(n) M 
via left action on A. There is an isomorphism 

$ : A//A{n) ®M ^A ®A{n) M (3) 

defined by $(a (g) m) = ^ a' C?) a"m where A (a) = ^ a' ® a" is the coproduct 
on A. This isomorphism induces a change-of-rings isomorphism on the level of 
Ext-groups 

Ext^* iA//Ain) (g)M,N) = Ext^* {A M, N) = ExtJ^^^ (M, N) (4) 

often invoked to simplify calculations of the Adams spectral sequence i?2-term. 
For instance, to compute the homotopy groups of X Atmf , it suffices to understand 
the left ^(2)-module structure of H*X. 

In the context of the above machinery, computations involving the homotopy 
of t(tmf ) greatly benefit from Mahowald's homotopy inverse limit construction of 
the Tate spectrum. A crucial step in proving the main theorem requires that t(tmf ) 
carries the structure of a ring spectrum. This fact, however, is not immediately 
clear from this point of view. On the other hand, the purported ring structure is 
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clear when placed in the framework established by Greenlees and May f9l. In 
their notation: let G be a compact Lie group, EG a free contractible G-space and 
EG the cofiber of the map EG-^- ^ 5°. If kc is a G-spectrum then 

t{kG) = F{EG+,kG) AEG, 

where F{EG+, kc) is the function G-spectrum of maps EG+ — > kc, is the Tate 
spectrum of kc- Since EG+ is equipped with a coproduct, if kc is a ring spectrum, 
F(EG+, kc) is also a ring spectrum. Combining this with the product on EG, 
t{kG) is also a ring. Lewis-May fixed points give a lax monoidal functor, so 
t(fcG)'^ also has the structure of a ring spectrum. 

The link to Mahowald's inverse limit construction is as follows. If G is cyclic 
of order two and kc is the equivariant G-spectrum associated to a non-equivariant 
spectrum k, then there is a homotopy equivalence 

tikcf ~ lim (P„ A SA;) = t{k). 
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2 Modules, filtrations and an algebraic splitting 
Modules 

For n > 0, let L„ denote the ^(2)-submodule of H*P^sn-i generated by all 
elements of homological dimension of at most —2 and let Lq be generated by 
classes in dimensions and 1. For example, the cell diagrams for Lq and Li are 
depicted in Figure [T] Action by Sq^ is denoted by a straight line, Sq'^ by a curved 
line, and Sq"^ by a square bracket. 

Let Mo be the quotient ^(2) -module fitting into the short exact sequence 

_ L„ ^ H*P^sn-i ^ Mo ^ 0. (5) 

The cell diagram for Mq is displayed in Figured The inverse system ([T]) induces 
a direct system in cohomology via restriction to the submodules L„: 
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o o — o 



^1 I 



-8 -4 4 8 

Figure 1: Cell diagrams for Lq and Li. 

4 8 12 16 

Figure 2: Cell diagram for Mq 

Let Loo refer to the colimit of this system. In particular, all squares of 

fn 



0- 



0- 



Ln 



■ 







L„+i //*P-8n-9 ^ Mo 



^ Loo ^ i^*P-oo ^ Mo ^ 



(6) 



commute, so that 
is a short exact sequence of ^(2)-modules. 
Filtrations 

Adams |[T1 describes a filtration decomposing H*P^oo into suspended copies of 
^(2) / /A{1). This filtration will now be discussed in the context of the modules 
appearing in this paper. Let G H^P-^n-i and define Fi{n) C H*P^sn-i to be 
the ^(2)-submodule 



{P-8n,P~8n+l) , 



if£ = 0; 



(p_8„, p_8n+l, P-8n+8i-l | « = 0, 1 ) if ^ > 0. 
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4 8 12 16 

Figure 3: Cell diagram for A{2)/ /A{1) 

The submodules Fi{n) provide an increasing filtration of H*P^sn-i- There is an 
^(2)-module isomorphism identifying the associated graded as: 

GriH*P^sn-i) = S-«"Lo © S-8^-U(2)/M(l). (7) 

k<n 

The cell diagram for A{2) / /A{l)is displayed in Figure[3] The isomorphism (|7]) is 
apparent, as Fo(n) = S"^"Lo is generated by the elements {p_sn,P-8n+i} while 
the elements {p_8„+8i-i}i>o correspond to generators of ^(2) //A{1) lying inside 

One can restrict the above filtration to the submodules L„, yeilding an associ- 
ated graded of 

Gr(L„) = S-«"Xo © S-«^-U(2)/M(l) 

0<fc<n 

SO that in the colimit, 

Gr(Loo) = S-«'=-U(2)/M(l). (8) 

fc>0 

Furthermore, the image q„F£(n) C Mq provides a non-decreasing filtration with 
associated graded module given by 

GriMo) = S«'=^U(2)/M(1). (9) 

An algebraic splitting 

Abbreviate Ext^*(M, F2) by Ext^*(M). First consider the Adams spectral se- 
quence converging to the homotopy of bo. Since H*bo = A/ /A{1), change-of- 
rings dH) identifies the Adams £'2-term with Ext^*^^^(F2), the chart of which is 
displayed in FigurelH Note that this spectral sequence is 8-periodic, and collapses 
due to degree and naturality reasons. 
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Figure 4: Ext (F2) TVtsbo 

Now consider the Adams spectral sequence converging to the homotopy groups 
of SP_8n-i A tmf: 

ExtJ (if*(SP_8n-l A tmf)) Tits (SP_8n-l A tmf) 

Once again, change-of -rings allows the identification 

ExtJ (i7*(SP_8„_i A tmf)) ^ Exty(2) (i/*(SP-8n-i)) • 
The exact seequence Q of ^(2) -modules induces a long exact sequence 

Ext;:,;^) (sMo) ^ Ext;:,;^) (if*(sp_8„_i)) ^ Ext;:,;^) (s^-) 

of Ext-groups. In particular, the £'2-term converging to the homotopy of the Tate 
spectrum of tmf is obtained by appending the chart of Ext^*2)(EMo) to that of 
Ext^*2)(SLoo) and computing nontrivial differentials between them. Applying 
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filtrations yielding the associated graded modules ([8]) and Q one has: 



\n>0 / 



,n>0 



The above Ext-groups consist of 8-fold shifted copies of Figure HI so neither can 
support differentials. This will also be true once joined to construct the Adams 
£'2-term for the Tate spectrum of tmf : 



ExtX(i7*(SP_8„_i A 



tmf)) ^ ExtJ^^) j S^'^Fs j ^ Ext^* ( ^* ( H ^^"^^ 



Hence the two -Eoo-pages are isomorphic, thus proving 
Proposition 2.1. 

7r,t(tmf ) = TT J JJ S«^-6o 



3 Proof of Theorem 1.1 



First note that one can construct a spectrum whose cohomology is Lq. For 
notational consistancy, however, let Cq = £+ A tmf. The homomorphism fg is 
not a ^-module homomorphism. Indeed, the class generating H^P_^n-i supports 
action by Sq^ while its preimage inside L„ does not. Therefore, there cannot be a 
fiber sequence of spectra whose cohomology realizes the short exact sequence Q. 
However, tensoring with A/ /A{2) (or equivalently, smashing with tmf) kills off 
the problematic action of Sq^ for z > 8. In particular, we would like to construct 
tmf-module spectra, £„, with cohomology H*Cn = Ln® H*tmi. We will need 
the following proposition, whose proof is postponed until Section |4j 

Proposition 3.1. There is a map of tmf-module spectra 

fo-.P-iAtmi^Co 
realizing the injection fo in cohomology. 
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Using the result of Proposition [3TTJ one can construct the desired spectrum 
for all n >0: 

Theorem 3.2. For all n>0, 

1. there exists a tmf -module spectrum Cn such that 

(a) H*Cn = Ln® H*imi, and 

(b) there exists a tmf -module map 

fn '■ P-Sn-1 A tmf — s> Cn 

such that the induced homomorphism in cohomology is f„; 

2. there is a tmf -module map in '■ Cn+i —>■ Cn whose induced map in coho- 
mology is nontrivial and 

(a) Fib(2„) ~ Pisnig A tmf, and 

(b) the diagram 

P-8n-9 A tmf ^ "*"> Cn+1 



P_8„_i Atmf^i^£ 



commutes. 



Proof. Note that P_i = limP"^, so that Proposition 13.11 guarantees the existance 
of tmf -module maps 

P!'J+^ a tmf ^ Co 

inducing injections in cohomology for all n > 1. Applying the Spanier- Whitehead 
dual, along with appropriate suspensions, forms a cofiber sequence 

E^DC+ A tmf ^ S*^P°8„_9 A tmf ^ Cof(D4) 

whose maps induce nontrivial homomorphisms in cohomology. Define to be 

Cof{D£n). 

For the second part of the theorem, we once again use the identification P_i = 
lim P"]^. The diagram 

pSn+8 , p8n+9 

A. 

Co 
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commutes for all n > 0. Applying the Spanier- Whitehead dual to, and taking the 



appropriate suspensions of, results in the following commutative diagram 

- Fib(z„) 



S^L>£+ A tmf S8p°8n-i7 A tmf 



fn + 1 



A' 



B' 



T?DC, A tmf 



I 

I In 

y 

^ r 



of fiber sequences. In particular, there exists a map making the square B' com- 
mute. This induces the homotopy equivalence of fibers given in[2al Next, consider 



the square obtained from B' by extending maps to the homotopy colimit: 



PZllZl A tmf : 



8n-9 



A tmf : 



T?PzllZl^ A tmf ■ 



S^P-8n-17 A tmf 



■Fib(2„) 



jAl 



B 



P-8n-l 



s8p_ 



8n-9 



A tmf ■ 



/n 



71+1 
I 

I tn 
Y 

r 

'rj 



James periodicity of projective spaces gives an equivalent fiber sequence on the 
left. Hence, the commutativity of B_ implies the commutativity of the square 
of[2bl □ 

Corollary 3.3. For all n >0, there exists a fiber sequence oftmi-module spectra: 

Mo P-8n-l A tmf ^ C„ 

where H*Mq = Mq ® H*tm.i. 



Proof. The construction of the maps /„ : P_8n-i A tmf Cn in Theorem 13. 21 1 
demonstrates that Fib(/„) has cohomology isomorphic to Mq ® H*im.i. Theo- 
rem |32l2al gives that Fib(/„) ~ M.o ~ Fib(/„+i) as tmf-module spectra for all 
n > 0. □ 
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Theorem 3.4. There is a tmi-module map 

^Mo t(tmf) 
inducing a homomorphism on cohomology. 

Proof. Theorem I3.2l2bl and Corollary 13.31 show the existance of fiber sequences 
and maps of tmf-module spectra making the diagram 

SA^o SP_8„_9 A tmf ^ 



In 



SMo SP_8n-l A tmf —-^ ECn 

commute. Hence there is a map to the homotopy inverse limit, which by construc- 
tion is the Tate spectrum t(tmf). □ 

Proposition 3.5. There is an isomorphism of homotopy groups 

vr.TWo = vrj JJS^^-ifeoJ (10) 

\n>0 / 

Proof By Corollary [33l H*Mo = Mq ® H*tmi. Section[2]discusses a filtration 
of Mo resulting in the associated graded (|9l). After change-of-rings, the Adams 
£'2-term converging to the homotopy groups of TWq is isomorphic to the i?2-term 

\n>0 / \n>0 / 

The spectral sequence collapses for degree and naturality reasons, yielding an 
isomorphism of homotopy groups. □ 

Theorem 11.11 is then reduced to the following theorem stating there exists a 
map of tmf-module spectra which realizes the isomorphism (flOl) . 

Theorem 3.6. >lo - H ^^"^^o 



n>0 



The proof of this reduction will be postponed until Section [51 Assuming its 
validity, however, a proof of the main theorem can now be given. 



12 



Proof that Theorem \3.6\ implies Theorem I7.il It suffices to construct a map realiz- 
ing the isomorphism given in Proposition [XT] The combination of Theorems 13.41 
and l3.6l provide a map 

W S^"6o ^ t(tmf ) 

n>0 

inducing a surjection in cohomology. Let E 7r_8^(tmf) denote the class in 
Adams filtration s = 0. There is a map from the group ring Slys] t(tmf). 
Invoke the ring structure of the Tate spectrum of tmf to construct the composite 

Yl S^"6o ~ Slys] A Y[ S^"6o ^ t(tmf) A t(tmf) ^ t(tmf), 

neZ n>0 

which induces the desired isomorphism on homotopy. □ 

4 Proof of Proposition 133 

We would like to prove the existance of a map /o : P-i A tmf Cq of tmf- 
modules inducing an injection fo : Lq — H*P_i of ^(2)-modules. Such a homo- 
morphism is detected by a class 

[fo] GExt^(2) iLo,H*P_,) 

In particular, there is a corresponding element in bidegree (0, 0) of the Adams 
spectral sequence i?2-term 

Ext';^\H*Co,H*P^i) ^ [P-i,Co]t-s (11) 

Since tmf-module maps [P_i Atmf , £o]tmf correspond to ^-module maps [P-i, Co], 
the existance of a non-trivial map 

/o : P-i A tmf ^ Co 

of tmf-module spectra is equivalent to proving [fo] corresponds to a permanent 
cycle in the Adams spectral sequence (fTTI) . 

Proposition 4.1. [fo] G ExtJ)(° {H*Co, H*P_i) is a permanent cycle. 

Proof. Recall that H*Co = Lo® H*imi = Lo® A/ /A{2). By change-of-rings, 
we are lead to analyze the isomorphic £'2-term: 

Exty(2) (^0, H*P_^) [P_i, Co]t_, . (12) 
13 
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Figure 5: ExtJ^^) (^o ® DLo, ¥2) 

Filter H*P^i as in Section [2] to obtain the associated graded ([7]) when n = 0. In 
particular, the E2 term of (fT2l) can be rewritten as 

00 

Exty(2) (^0, Lo) © Exty(2) (Lo, S«"-U(2)/M(l)) (13) 

n=0 

The observant reader will note that, as an ^(2)-module, the vector space dual 
(^(2)//^(l))* = J:-^^A{2)//A{1). Using this identification with change-of- 
rings, (fT3l) becomes 

00 

ExtJ^^) (^0 ® DLo, F2) © ExtJ^^ (S-«("-2)Lo, F2) 

ra=0 

The first summand Ext^*2) (-^0 ® DLq, F2) can be calculated in a range via 
Robert Bruner's chart program [4J and is displayed in Figure [51 Note the ap- 
pearing in the chart reduce clutter, they serve to mark the beginning of another 
tower. The class [fo] appears in bidegree (0, 0) in this chart. There are no elements 
in the —1 stem. Figure |6] displays Ext^*^^^ (Lo,F2), obtained by an elementary 
minimal ^(l)-resolution calculation. It shows there are no elements in stems 



14 



8 













8 



12 



16 



Figure 6: ExtX(i) (^^0,^2) 
congruent to 7 mod 8 so that the summand 

n=0 

does not contribute elements to the —1 stem. Thus [fo] cannot support any differ- 
entials, hence is a permanent cycle. □ 



5 Proof of Theorem 3.6 



The Thom class generating H^^(P^i) supports an action by all Steenrod squaring 
operations. The module Mq is obtained by killing off action of Sq^ and Sq"^. In 
particular, Mq is similar in nature to H*bo = A/ /A{1) adorned with an ^(2)- 
module structure. This data is encoded by the cohomology of the spectrum bo A 
tmf . The author [3J demonstrated the following: 

Theorem 5.1. There is a bo-module spectrum B such that 

60 A tmf ~ B V Y E^"6o 

n.>0 
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is a splitting of bo-modules. 



Remark 5.1. The B in the above theorem is a wedge of suspensions of summands 
related to integral Brown-Gitler spectra. This splitting is very much analogous to 
the splitting of bo A bo of Mahowald [El and bo A M0(8) of Davis [0. The 
context of this paper, however, will not appeal to this further structure. 

The splitting of TMq will thus proceed by constructing a map of Adams filtra- 
tion zero 

5 : T^Mo ^ bo A tmf 

which is onto the summand Y[n.>o '^^"'bo given in Theorem [STTl The construction 
of this map is quite technical. For motivational purposes, suppose that there is a 
spectrum X whose cohomology H*X = Mq so that Aio = X A tmf and a map 
(To : A tmf — > bo in Adams filtration s = 0. A good first attempt would 
amount to showing that the composite 

SX EX A tmf ^ bo 

induces a surjection of ^(2)-modules in cohomology. Indeed, then s can be de- 
fined as the composite: 

SX A tmf ^''"^-^''S SX A tmf A tmf bo A tmf 

While there cannot be a spectrum X with said properties, the above sketch 
gives an indication of what a successful construction should look like on the level 
of cohomology. In particular, the construction of s will proceed by obtaining an 
approximate candidate for such a spectrum X which fits into a sequence where 
Aio appears as the cofiber. The map 1 A Utmf A 1 will induce a map of cofibers 
I : Aio Aio A tmf inducing the same homomorphism on cohomology. The 
desired map is the composite s = ((Tq A 

Lemma 5.2. There is a map of spectra 
inducing an injection in cohomology. 

Proof. Let p : P\ Pq be the map pinching off the disjoint 5*°. The composite 

i : i p8 = p8 V 5° ^ 5° 

16 



8 



4 








Figure 7: Ext^* {H*C,H*P\) [P',,C]t^s 
clearly induces an injection in cohomology. If there is a map 

inducing an injection on cohomology, then j: = p V i. With the aide of Robert 
Bruner's program to compute resolutions of modules over the Steenrod algebra, 
the £^2 -page of the Adams spectral sequence converging to [P^i, C] is displayed 
in a range by Figure |7] The class in bidegree (0, 0) must be a permanent cycle 
for dimensional reasons. Indeed, any differentials supported by this class target 
elements in Adams filtration s > 1 in the —1 stem. The map corresponding to this 
class is the desired f. □ 

Note that p is only unique up to elements of positive Adams filtration. The 
following proposition demonstrates the existence of a "good" choice of represen- 
tative for p. 

Proposition 5.3. There is a choice ofi so that 

j:-^Pg A tmf A X A tmf ^ Mq 
where X = Fib(p), is a fiber sequence oftmf-modules. 
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Figure 8: Ext ^(3. {H*C, H*P^^) =^ [P^-^, C A tmf] 



t-s 



Proof. Let /q : P^-^^ A tmf — * Cq be the restriction of the tmf -module map /q of 
Proposition l3.1l so that square A in the diagram 



FibO) 



■E-iPq Atmf 



PI 

Y 



Fib(/ 



0) 



■ A tmf 



fo 



jl 

Y 



A 



■ P_i A tmf 



-Co 
Co 



commutes. This induces a commutative diagram of fiber sequences. In particular, 
Fib(j) is homotopy equivalent to S'^Pg Atmf . It remains to show there is a choice 
of p so that /q = p A 1, yielding a homotopy equivalence of fibers. It suffices to 
show there is a choice of p so that p A 1 is homotopic to the composite 

fo : P^i Atmi^ Co^ CA tmf. 
The map 1 A Utmf : C ^ C A tmf induces a homomorphism of Adams _E'2-terms 
(1 A ut„,f). : ExtJ {H*C, H*P\) ^ {H*C, H*P^,) . 
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That is, it induces a homomorphism from Figure |7] to Figure [8] which can be seen 
to be surjective in dimension t — s = 0. Take f to be a representative of the 



preimage of [/o] under r(l A Utmf) 



□ 



Lemma 5.4. There is a map 2:A^o^-^oAtmf of tmi -module spectra with 
induced cohomology homomorphism given by the following commutative square: 



H*{MoAtmf) 



Mo O H*tmi (g) H*tmi ■ 



H*Mc 



■ Mo ® H*tmf 



where e : H*tmi ¥2 is the augmentation homomorphism. 

Proof. Consider the diagram of tmf -module cofiber sequences obtained from 
Proposition 1531 



S^iPg A tmf ■ 

lAUtmfAl 

S-iPg A tmf A tmf ■ 



pAl 



X A tmf ■ 

lAUtmfAl 

- X A tmf A tmf ■ 



Mr 



Mo A tmf 



It suffices to show the left square commutes, inducing the desired tmf -module 
map of cofibers. Figure |9] depicts this square as the outside square of a number of 
commuting diagrams. Here, T is the "twist" map which interchanges the factors 
of a product. Proposition 15. 3 1 shows that p : S^^Pg A tmf ^ X A tmf is a tmf- 
module map. In particular, the squares labeled 
tmf is an £^00 -ring spectrum, squares marked 



commute. Furthermore, since 



B 



squares clearly commute, thus proving the lemma. 



also commute. The remaining 

□ 



Proposition 5.5. There is a map ctq : TjMo 
mology. 



bo inducing an injection on coho- 



Proof. Carlsson (5] identified the i?2-term of the Adams spectral sequence con- 
verging to the stable cohomology operations of bo. The chart is displayed in a 
range in Figure [TOl Note that for t — s > —3, one can only find copies of bo 
appearing in various Adams filtrations while in stems t — s < —3 copies of bo 
appear along with finite towers in stems congruent to 7 modulo 8. This region 
will be referred to as the torsion range. 
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E-iPg A 5° A tmf — S-iPg A tmf — ^ X A tmf — X A A tmf 



lAUtmfAl 



lAT 



lAT, 



E-iPg A tmf A ^° ^ X A tmf A 5° 



lAlAUtmf 



lAlAUt^f 




S-iPg A tmf A tmf ^ X A tmf A tmf 



lAmtn 



B S-iPg A tmf ■ 



lAmtinf 



X A tmf B 




lAmtmf 



lAUtmfAl 



S-iPg Atmf Atmf ■ 



pAl 



■ X A tmf A tmf 



Figure 9: Commutative square decomposition. 



We must show there is a permanent cycle in bidegree (1, 0) of the i?2-term 



ExtX {H*bo, H*Mo) [Mo, bo] 



t-s- 



Proposition 13.51 gives that the P2-term in ^ is isomorphic to 

Ext^* {H*bo, J:^''-^H*bo) [Mo, bo] 



n>0 



In particular, each summand corresponds to the P2-tenn of the Adam spectral 
sequence converging to the stable cohomology operations [6o,6o]* of Carlsson. 
The element [ctq] in bidegree (1,0) of the n = summand is a permanent cycle. 
Indeed, a differential from this candidate can only hit finite towers now located 
in stems congruent to modulo 8 inside the torsion range. However, the nth 
summand is the Adams P2-term converging to [bo, bo] shifted to left — 1 stems 
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Figure 10: Ext^* {H*bo, H*bo) [bo, 6o]t_, 



so that the torsion range occurs t — s < —2 — 8n. No finite towers can appear in 
the 0- stem of[Mo,bo]. □ 

Proof of Theorem 1X6] Proposition l3.5l gives an isomorphism of homotopy groups. 
It suffices to show there are non-trivial maps cr„ G [A^o, ^o]i-8n Adams filtra- 
tion s = 0. Since H*Mo = 0„>o T.^'^-^H*bo, the Adams ^2-term 

Ext^* {H*bo, H*Mo) [Mo, H,_, 

consists of shifted copies of Figure[lOl In particular, the class [cr„] corresponds to 
[do] G Ext^° {H*bo, H*bo) shifted left 8n — l stems. This class lies in the torsion 
range, hence may support differentials. 

Recall that the Kiinneth theorem, together with the isomorphism ([3]), yields 
the isomorphism H*{bo A tmf) = A ®a{i) H*tmi. The author [3 J demonstrated 
that the bottom homology class of the summand S'^"6o corresponds to the element 
^f" G H^trai. Upon dualizing, this becomes the element xSg^" G H*tmf. As 
a result, the bottom cohomology class of the summand S^"6o corresponds to the 
class $(e(g)X'S'g^") = e®xSq^'^ inside if^"(6o A tmf). The map (Tq : bo 
induces a homomorphism in cohomology sending the identity e G H*bo to the 
suspended generator m_i e G H*M.q. The map i : M.q AAq A tmf induces 
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the homomorphism 1 e ® 1 in cohomology, where e : H*imi F2 is the 
augmentation. In particular, the composite s = (ao A 1)? induces a non-trivial 
homomorphism in cohomology sending 

e ® xSq^"" l—^ m_i ® e® xSq^"" ^ — ^ m_i xSq^""- 
The map s thus induces a map of Adams ii^2-terms in filtration s = 

Ext^j^-^^ {H*bo, H*{bo A tmf)) ^ Ext^'^^ {H*bo, H*Mo) 

whose image consists of the classes [(j„]. Since bo A tmf splits and the Adams 
_E'2-term for [bo, bo] collapses, the preimage of each [cr„] does not support any 
differentials. Hence, neither can [cr„]. □ 
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